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If the transient equations of a plug flow tubular reactor are transformed into a set of
corresponding ordinary differential equations, stability information for the former may be
obtained graphically from knowledge about the transients of the latter. The analysis presented
in this paper combines this simplification with the definitions and theorems of Weiss and
Infante to propose o method of direct computation whereby transient bounds may be found

for this important class of distributed-parameter chemical reactor systems.

We have shown elsewhere (7) how if the transient
equations of a plug flow tubular reactor (PFTR):

dC/80 = — v(aC/3x) — R (la)
pCp 8T/30 = — pC, v(3T/3x) + AHR — KA, (T — Tuz) )
1

are transformed into the set of corresponding ordinary dif-
ferential equations:

A
DC/Dr = —R (2a)
A A
Dn/Dr = R —Gn (2b)
stability information for the former may be obtained
graphically from knowledge about the transients of the
latter.

The analysis presented here combines this simplification
with the definitions and theorems of Weiss and Infante
(9) to propose a method of direct computation, whereby
transient bounds may be found for an important class of
distributed-parameter chemical reactor systems. The argu-
ments are based on the following vector form of Equations
(2):

DU/Dr =F(U,7); 0=r=0, (3)

for which it may be noted that the relationships are de-
fined only over a finite time interval.

The finite residence time of the plug flow tubular reactor
arises from the fact that the reactor length is finite and the
velocity of the fluid is not zero. With this in mind, it is
only meaningful to estimate the bounds on the transients
of any fluid section while it remains in the reactor and it
is rather immaterial whether the original steady state pro-
files are stable or unstable for all time.

Following Weiss and Infante, and Kalman and Bertram
(I), a positive-definite V-function and a real ¢(r) are
proposed, such that

V:%‘}és«) V(s U) (4)
and
£(r) = Max [V(r, U)/V(r, U)] (5)

in the region of state space of interest and over the rele-
vant finite interval of time. Kalman and Bertram used ¢
as an estimate of the transient of a dynamic system. Letov
(3) called it a measure of system quality. Ling (4) re-
ferred to it as the estimation of decaying time.

The significance of this function for the problem of in-
terest here can be seen by separating three subeases,
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according to the sign of ¢(r):

1. If £(r) < 0, V will decay with time over the finite
interval, 0 < r < ;. Then, if a trajectory of Equation
(3) is initially within the region V = q, it will always
remain within that region, and will end up at reactor exit
bounded by some smaller region V = B. Such a system
is called contractively stable with respect to (e, 8, 01, V)
by Weiss and Infante.

2. If £ > 0, V may grow with time over the range from
zero to f.. However, since this growth occurs for only a
finite time, it is still possible for the trajectory to be
bounded by V = 8 at 6;. If this is in fact the case, the
system is stable according to the Weiss-Infante definition,
but not contractively stable.

3. If¢& =0, Vwil decay or remain constant. In either
case, the test of stability with respect to (e, 8, 1, V) re-
mains the same.

The formulations of Weiss and Infante are broad enough
to include other norms, but for the purposes of this re-
search, it was convenient to use as the V-function the dis-
tance measure in the state space. It is important to em-
phasize that the V-function proposed above may have
positive as well as negative time derivative. Hence it is
not a Liapunov function according to the definition given
by LaSalle and Lefschetz (2). Furthermore, it is not a
tracking function as used by Paradis and Perlmutter (5),
for the latter is not necessarily positive definite in the state
space. .

Because of the sign indefiniteness of V, transients of
system (1) may approach or diverge from the steady state
during the finite time interval. £(r) is simply the bound
governing the growth (when V > 0) or decay rate (when
V < 0) of the proposed positive definite function. Because
of this feature, many V-functions which cannot guarantee
stability of a given system defined for all time, may be
used to establish the practical stability of the same system
defined over a finite time interval. In this respect less
restrictive V-functions are required than for a stability
analysis which relies on Liapunov functions. Whenever the
choice of « and B takes into account the region in the state
space which is physically feasible and practically allowable
for a particular system, it may be called Practically Stable
(2, 5).

One other matter of nomenclature is noteworthy. A re-
gion of finite-time stability can also be thought of as an
estimate of initial-condition sensitivity, since it provides a
bound on the worse changes (in the sense of V) that may
be anticipated following an instantaneous system upset.
It should be remembered, however, that the responses of
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interest are time-dependent and not a comparison of sev-
eral steady states. Accordingly, if sensitivity considerations
are to be raised at all, they must involve dynamic sensitiv-
ity as in Tomovic (6).

In the course of establishing a suitable «, 8 pair numer-
ically, it is usually simplest to find a series of By at inter-
mediate s (0 < 7 < 6), such that the transients of any
fluid section will not exceed these regions at appropriate
's. The ensemble of such a series, V = By, constitutes a
region ¥, in the product space of state space and r. Since
for the plug flow tubular reactor the time variable, 7, has
a unique correspondence to the reactor length variable, x,
the bounding region, ¥, is essentially a region ¥, in the

space (6, '/q\, x), where x is between 0 and L, the total
length of the reactor.

Although the discussion that follows is devoted spe-
cifically to a two state-variable reactor analysis, it should
be noted that no restriction on the dimensionality of U
is related to the £&-bound method per se. Rather, it is the
relative ease of computation and graphical display that
recommends the relatively simpler case, considerations that
arise in any and all dynamic analyses. When on the other
hand this method is combined with an earlier graphical
approach, as it is in the last section of this paper, the
dimension restrictions of the more limiting part apply to
the whole.

APPLICATION TO A PLUG FLOW TUBULAR REACTOR

To illustrate the application to the analysis of a plug
flow tubular reactor, a simple circular V-function is pro-
posed as follows:

A A
V=C2+ 92 (6)
Then (DV/D+) should be
A A
. A DC /\Dn )
V=2 ( D+ o D+ (7
Substituting Equations (2) into Equation (7), we have
. A CALA A
V=2[(n—C)R—Gn?] (8)

From Equation (8) V is not sign definite, for the first
term on the right hand side can be either positive or nega-

tive depending on the values of é and »:;\; it is nevertheless
useful in the present method, for in this case, bounds on
the transients of the system are only needed within a finite
time interval. In this light the ¢-bound method requires
less restrictive V-functions, and it may be expected that
as a result many V-functions which fail to specify a region
of stability for an ordinary lumped parameter system are
still good for this method.
When Equation (8) and (8) are substituted into (5)
one obtains;
2(n—€) R—2G 72
¢ = max [ ] - (9)
A A
(€2 +12) A
The dependence of £ on = comes from the fact that R in
Equation (9) depends on C; and w, which in turn are
functions of 7. After a region V = 8 is specified consistent
with practical limitations on the state variables of the re-
action system, a region V = « is found from Equation (4):

o= B/exp ( J:b &+ ) (10)

provided ¢ is known. The region over which ¢ is sought
needs only to include all possible transients between V
= a and V = 8. Other values of (V/V) outside this an-
nular region can be ignored, because either the trajectory
of the system can never reach that point with 7, < 7 < 7,
or the transients have been sufficiently covered by the
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relation in Equation (10). Since « depends on both g
and ¢, the search for ¢ in (10) requires an iterative cal-
culation.

Region V = a corresponds to the set of disturbances in
a section, which a given steady state can tolerate at r = 7,
such that the transients of this fluid section will be con-
fined in region V = g when » = 7, (sufficient condition).
Since 7, and 7, can be any two points along the r-axis
such that 0 = 7, < 7y = @1, the tubular reactor can be
divided into n equal sections, assigning 7, = 0 and 7, =
8., the residence time of each small section. By letting the
transients at the exit end of the reactor set the bounds on
the transients of the entire system, the calculations indi-
cated by Equation (10) can be carried out sequentially
from the exit end to the inlet end one small section at a
time. Starting at the exit end with given B, a; is found
through (10) by adopting the equality relation. «; is then
considered as B, for the second section and «s can be
found in a similar manner. Such calculations are repeated
for each reactor section from the exit end toward the inlet
of the reactor. Eventually this results in a region V = a,
which specifies a set of inlet disturbances that will not
cause the transients to exceed the region V = g, at the
exit end. Finally, if the intermediate regions are all con-
nected along the reactor, then the bounding region, ¥,
is obtained, and the region of stability, ¥, for the plug
flow tubular reactor system follows directly.

When each section is small enough, the following ar-
rangement can be made to simplify the numerical work,
and always put the £ estimation on the conservative side
(the conclusion is always sufficient). Define

& =max (&) j=12,3,...n (11)
where j represents the jt reactor section from the exit end.
Then, Equation (10) can be combined with (11) to give

On
@ exp (0nf®) = a exp (_£ fdf) =R
or
a = B/exp (0af*) (12)
In the event that the transients at some part other than
the exit end of a reactor are important in setting up the
h‘miting V-contour in state space, a combination of two
working formulas should be used to find ¥.. Suppose, for
example, that the kt® reactor section from the exit end is
to be used as a basis in searching for the region of stability
of this reactor system. Working from the kt section back
to the inlet, the above working formula can be used with
Bk given and the index { increasing from & to n.
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Fig. 1. Steady state profiles of the numerical example.
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Fig. 2. Regions in CPP showing the signs of (n-C)R.
NUMERICAL EXAMPLE

A hypothetical plug flow tubular reactor system with
concentration and temperature as state variables is treated
in this section to illustrate the application of the £-bound
method. The reactor system together with all necessary
assumptions is that described by Equations (1), and the
following set of physical constants are used:

A = 1.2 x 101® 1/hr

Q =.94x10* B.tu/°R.
AH =1Xx10% B.t.u./Ib.-mol.
v = 7,200 ft./hr.

L =5 ft.

G =14 x 102 1/hr.-lb.-mol.
p = 50 1b./cu.ft.

C, =1 B.t.u./Ib.-mol. °F.
T, = 530 °R.

T, = 600 °R.

C; = 0.035 Ib.-mol./cu.ft.

¢ = 025 Ib.-mol./cuft.

T = 1000 °R.

The nonlinear reaction rate is chosen as R = CA exp (—
Q/R). The steady state profiles are shown in Figure 1.
Assume that V' = B, has been given as a circular region
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Fig. 3. The profiles of ¥ = g; along the reactor.
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Fig. 4. An isometric view of a typical bounding region.

about the steady state at the exit end of the reactor. It is
required to find a region at the inlet such that disturbances
initially within it will have transients at the exit within
V = B,. From a distributed parameter point of view, a
bounding region ¥, with a given exit-end cross section is
to be sought, such that any transient profile that is initially
within ¥, will never get out. Since it is practical stability
(2, 5) that is most important in this analysis, it is assumed
that the region furnished by the designer has already been
constrained by the practical limitations of the reactor
system.

With the simple circular V-function of Equation (6),
the backward formula (12) can be used to find «, for
the inlet end. This entails a numerical search for ¢*%, which
may be simplified by the observation from Equation (9),

that (1/;\ — 6‘) ﬁ > 0 is a necessary condition for a Max
(V/V). One should then search for £* only in regions

where (7/1\ — 6 ) and f{ are of the same sign. These regions
are shown in the composite phase plane (CPP) of Figure

2 [computational details on R may be found elsewhere
(7)]. Numerical search for £* may be further simplified
by showing that the Max (V/V) is always on the bound-

ary of a region where{r)\ >0 (8).

The profiles of V = ; along the reactor with different
B. are plotted on a semilog scale in Figure 3, where the
Be's given correspond to a range from =* 120 to = 20°F.
in temperature disturbances. The calculated a,s corre-
spond to a range in temperature disturbances from * 9.7
to = 3°F. It may be noted that the relative magnitudes of
Be and «, are not proportional to each other, a result of

the exponential nonlinearity in R A simple isometric il-
lustration of V = B; along the reactor is shown in Figure
4 for the case of temperature disturbance not to exceed
#+ 20°F. at exit. The approximate conical region in this
figure is ¥, or ¥, the region of stability of the plug flow
tubular reactor system studied: the boundary surface of

§=0 A

AC
0 \

3>

8

Fig. 5. A composite phase plane diagram (7).
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Fig. 6. A typica!l € and & pair for a nonadiabatic PFTR.

¥, limits all possible transients of this dynamic system.

The inlet cross section of the regions of stability calcu-
lated for this particular example are quite small. Such
conservative a,s are partly due to the exponential de-
pendence of V on the temperature of the system and
partly due to the inherent nature of the £-bound method.
To remedy this shortcoming, this method is combined in
the next section with a less conservative technique.

COMBINED ANALYSIS

In an earlier work on plug flow tubular reactor stability
(7), it was shown that almost closed regions were attain-
able with relative ease. The results were less conservative
than those just obtained, but were weak to a greater or
lesser extent because the regions were not entirely closed.
It is clear in comparison that a combination of both ap-
proaches can produce results with the best features of
each, less conservative, easily computed, closed-regions.

Referring to the composite phase plane (CPP) diagram
(from reference 7) in Figure 5, it is evident that the gap
in regions D and F is the one previously left open. Because
it is open, no assurance can yet be given that transients
in the region can be bounded. In order to close this open
gap, the £-bound method cited before may be adopted
just in regions D and F to utilize part of a closed V-con-
tour. In this way it is possible to find a pair of closed V-
contours, (ap, B.), which bound the transients at inlet
and exit, respectively. Such a V-contour can be used to
close a gap and as a result, an ¢ and § pair may be ob-
tained. Since the open gap is always in regions D and F,
only that part of a V-contour that lies in these regions need
be considered. In other words, the range in which max
(V/V) is sought can be restricted within regions D and F,
consequently reducing considerably the necessary com-

A

Rp=0 Ry=0 ¢

Q
40.06 Lb-mol/cu.ft.

-120 40 80 120 N 200°F A

=€y \

Fig. 7. The ¢ = & region of the nonadiabatic PFTR in the example:

elliptical V-function.
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Fig. 8. The ¢ = d region of the example: circular V-function.

putations. Recalling from the first example that the largest
(V/V) in regions D and F is smaller than that in region A,
the estimation of & from e should be less conservative than
would be found by the £-bound method alone.

Since the slopes of transients in region D and possibly
in region F are between 0 and 135 deg. and their ten-

dencies are toward increasing 6, an elliptical V-contour is
proposed in order to cover most of the transients in these
regions. As shown in Figure 6, the elliptical V-contour
about the origin is inclined at 45 deg. The mathematical
expression is

Ve (a+ b5 (52 +C2) +2(b2—a2)Cn (13)
where @ and b are the minor and major axes of the ellipse.
By differentiating with respect to 7, and substituting Equa-
tions (2), yields DV/Dr along the trajectory of the sys-
tem as

. A A
V=dat (7—C) R—2G7[@(r—C) + b2(n + C)1
(14)
which may be rearranged to give:

\% G A A
e C——m (@ A B (n2—C2
v v (a2 + b?) (4 )+

402
vV

AAA
(n—C)R

(15)
Equation (15) may now be substituted into the recurrence
formula (12). The search for £* is along that part of the
ellipse that is in regions D and F and above the 45 deg.
line. Although elliptical V-contours are used to show the
resulting ¢ and 8 in Figure 6, other shapes of V-contour
may also be used to close the region.

A

C
-10.06 Lb-mel/cu.ft

A
R=

K a0 120

200°F
K

Fig. 9. The ¢ and & pair of the example: different elliptical
Y-function.

Page 937



One caution must be observed in combining regions
from the two techniques. If a V-contour at the inlet is
larger than that at the exit (ao > B.), there is no guaran-
tee that all possible disturbances within 8§ will lead to
transients within a smaller € as + = 6y, because the bound-
ary of 8 is based on isoclines and tracking functions which
give only limits in slopes and directions of the transients
rather than a bound on their rate of growth or decay. For
such cases a compromise is reached such that practical
stability of the original system is always sufficiently guar-
anteed, by considering 8§ as e. A pair of ¢ and § obtained
in this way without considering any physical constraints
of the system is shown in Figure 6, establishing a region
of practical stability for a nonadiabatic plug flow tubular
reactor. The contours labeled ¢, 8 and the area between
them are the projection of ¥,

The features of the combination method may be further
illustrated by example. Based on the steady state profiles

A

in Figure 1, the R = 0 family is represented by the two
extreme curves among the family in Figure 7. Inequality
constraints on concentration and temperature are assumed

as 6‘, /C\', /1\;, and 2, all being constant. A tilted ellipse is

given to replace one of the corners of a parallelogram in
the CPP and this closed region shown in Figure 7 is
taken as e. The major and minor axes of the ellipse cor-
respond to a temperature disturbance of 130 and 40°F.
respectively. The ellipse and the parallelogram are con-
nected at point M where the ellipse crosses one of the

extreme curves of the R=0 family and at point N where
the ellipse is tangent to the 45 deg. line in the third quar-
drant. The max (V/V) is sought according to Equation
(15) along MON on the ellipse. With this max (V/V),
recurrence formula (12) is used to find «; sequentially.
In the present example, max (V/V) along MON of this
particular ellipse (a:b = 1:3) is very small but always
negative. The ellipse at inlet is thus larger than the one
given with ¢ hence § is set equal to ¢ according to the
reasoning above. From the ¢ = & region in Figure 7, re-
gion ¥, is revealed to be a noncircular eylinder along the
steady state curve.

To illustrate that different V-contours will give different
types of € and 8, two other V-functions were examined
for this example. The circular V-contour leads to a similar
¢ = 3 region in the CPP, while a different elliptical V-
contour (a:b = 3:1) gives a 8 that is smaller than e
These cases are shown in Figures 8 and 9.

A direct comparison between the combined analysis and
the ¢-bound method alone is made in Figure 10 by super-
imposing one pair of «,, B. regions from the latter and
and 8 regions from the former on the same CPP It may
be observed that the results of the £-bound method are
quite conservative, for V = «, is much smaller than §
when V = B, and ¢ are of comparable sizes. This can be
explained by noting that the £-bound method always takes
the largest (V/V) on each V-contour to estimate the next
V-contour, In so doing, a fictitious trajectory is traced
which represents the worst (most sufficient) trajectory
that can be constructed without concern as to whether this
trajectory can be one of the possible transients of the sys-
tem. For instance, curve PQRS in Figure 10 is the fictitious
trajectory on which estimation of a, from B, is based. At
each point on PQRS the slope and tendency of this tra-
jectory are in fact physically unrealizable, for the slope
and tendencies of the transients in that region should be
bounded by the —45 deg. lines according to the argu-
ments presented earlier. Information on the slopes and
tendencies of the transients serve to relax the conservative
estimation of the ¢-bound method,
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Fig. 10. Comparison of the results from the t-bound and combined
methods.
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NOTATION
A = frequency factor
A, heat transfer area per unit volume of reactor

Il

concentration of reactant

specific heat

normalized heat transfer coefficient

molal heat of reaction

over heat transfer coefficient; constraint constant
length of a reactor

rate of chemical reaction

absolute temperature

o

I (|

I

A A
the state vector (C, 4)

velocity of fluid or flow rate in the reactor
= reactor length

®oao H:ﬂt‘*?ﬁEQSQ
il

Greek Letters

8 = positive number; region in the state space (or
CPP) which corresponds to the inlet end of the
reactor

region in the state space (or CPP) which cor-
responds to the exit end of the reactor

|

7 = normalized temperature, (TCpo/AH)
o = time

P = density

T = moving time variable
¥. = bounding region
Superscripts

A = disturbance variable
Subscripts

i == initial condition

0 = inlet condition

s = steady state

L = at exit
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Dispersion in Developing Velocity Fields

WILLIAM N. GILL, V. ANANTHAKRISHNAN, and RICHARD J. NUNGE

Clarkson College of Technology, Potsdam, New York

Convective diffusion in laminar flows which develop from rest and in the velocity entrance
region of tubes, is studied. Criteria for the validity of the simple dispersion model are estab-

lished by comparison of gnalytical results with numerical experiments.

It is found that the extent of dispersion is less in developing velocity fields than in those
which are fully developed. This occurs because dispersion is enhanced by differences in the
velocity of the fluid particles on a plane perpendicular to the main direction of flow. Such dif-

ferences are greatest when the flow is fully developed.

Previous work on dispersion in well defined systems has
been concerned exclusively with fully developed flows
which are independent of the axial coordinate (I to 3, 5, 7
to 11, 13). This is so, even though the velocity entrance
region is of considerable practical importance (12), pri-
marily because of the apparent mathematical difficulty in-
volved in analyzing such systems.

Another effect which may well influence dispersion ex-
periments is the development of the velocity field from
rest. It is easy to see that this is the case in the most easily
conceived dispersion experiments with slug stimuli. Prob-
ably, the simplest possible way to introduce a slug of fluid
into a stream in a well defined manner is to start the sys-
tem from rest with the slug initially separated from the
main body of fluid by partitions on both sides. Indeed it
is quite difficult to introduce a well defined slug into a
steadily flowing stream without disturbing the flow and
distorting the slug. Consequently, it seems desirable to
analyze carefully dispersion in flows which start from rest
so that the results of such experiments may be interpreted
in a completely rational manner. Here, the results of a
recent study of dispersion in time variable flow (8) are
generalized somewhat to provide the basis for performing
such an analysis.

It will be shown that the dispersion coefficient is time
dependent for time dependent flows and is given explicitly
by Equation (22) when the flow develops from rest. Once
the dispersion coefficient is known it enables one to predict
the average concentration distribution in higher dimen-
sional systems in terms of well known solutions to the one
dimensional Equation (9). In so doing, the dispersion
model markedly simplifies the theory of convective diffu-
sion.

The purposes of our work in the present article are:

1. to examine analytically the dispersion model for
velocity fields in which the components depend on the
axial coordinate which is parallel to the main direction of
flow as is the case in the velocity entrance region of a tube.

2. to establish approximate limits for the validity of
the analytical theory by comparing the results with nu-
merical experiments carried out as finite differencé solu-
tions of the convective diffusion equation for the important
case of flow in the velocity entrance region of a tube.

3. to examine the effects on dispersion of having the
velocity field develop from rest. For this type of time de-
pendent flow we slgall determine approximate limits of
applicability of the analytical dispersion theory. This will
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be done also by comparing the analytical theory with
finite difference calculations.

ANALYSIS

Consider the velocity field to be prescribed so that u =
u(t, x,r) and v = v{t, x,r) are known, continuous func-
tions of time and the spatial coordinates. Consequently the
convective diffusion equation in cylindrical coordinates is

dc ac dc
—+ u(t,x, 1) — + v(t, x, 1) —
ot ox ar

1 9

=— —
T
Note that we have taken account of turbulence in a phe-
nomenological way by allowing for eddy diffusion in
D,(t,r) and D,(t,r).
In dimensionless form Equation (1) is

d 9 ac
D (t,r) —+—D,(t,r) — (1
) T Dby )

0.8 o e 13 o6
ar X TRy T Y Ty
1 8 _ o8
—Dy— (2)
Np2 90X 90X

and we shall restrict our attention to boundary conditions
of the kind

(3)

The solution of Equation (2) is now formulated as a
series expansion in 9%0,,/0X;* where X, is defined by

Xi=X—f UG)dr

3] 0
X %0 =2 (mx1) =0
dy ay

and
1
U(r) = 2}; yudy (4)
Then Equation (2) becomes
a9 a0 ad 1 4 dd
_— 4y — U) —— 4 Npe ¥y — = — —y D; —
aT+(1 )-axl'} Pe lay yayy lay
1 é a0
—Dy—- (5)
Np2 8X; ~8X,
Now let
6= i—if( Xy y) Lom (6)
= 0m = kAT, ALY aXF
where

1
On = 2_£ yody
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